We consider the transmission problem for second-order di erential equations with unbounded interfaces. The spaces B and B are used to prove the limiting absorption principle for the steady-state problem and to establish the resolvent estimate at low frequencies for the steady-state operator. These are then applied in showing the validity of the limiting amplitude principle for such an operator.
Introduction
In this paper we mainly deal with the asymptotic behavior (as t ! +1) of the equation W tt ? C 2 r ( ?1 arW) = f(x)e ?i!t ; (t; x) 2 R + (1.1) under the transmission conditions W 1 (t; x) = W 2 (t; x); (t; x) 2 R + ?
(1.2) ?1
(1) (a(x)rW 1 (t; x)) (x) = ?1 (2) (a(x)rW 2 (t; x)) (x); (t; x) 2 R + ? (1.3) and the initial conditions W(0; x) = W t (0; x) = 0; x 2 :
(1.4)
Here ; are two non-zero complex number, R + = (0; 1); = 1 2 and j (j = 1; 2) are two unbounded domains in R n (n 2) separated by an in nite surface ? 2 C 2 ; (x) = ( 1 (x); ; n (x)) is the unit normal to ? at x 2 ? drawn in the direction from 1 to 2 ; W = (W 1 ; W 2 ); W t = @W=@t; ! is a positive constant, a(x) is a real-valued symmetric and positively de nite matrix which tends to the identity matrix I as r = jxj ! 1; C and are two positive functions tending to C j > 0 and j > 0; respectively, as r ! 1 in j (j = 1; 2); f is an L 2 ? function and (j) (x) is the value of (x) when x approaches the interface from j with j = 1; 2:
Throughout this paper we assume that the following assumptions hold. 
in the norm of L ? 2 with > 1=2: Here (x) = C ?2 (x) ?1 (x); R(z); with =z 6 = 0; is the resolvent of the self-adjoint realization of the operator A under the transmission conditions (1.7) and (1.8) in a weighted L 2 space, and L " 2 = L " 2 ( ) is the weighted L 2 space de ned in the next section. De ne q = q(x) = q j = C ?2 The limiting absorption and amplitude principles for A have been proved in 3, 10, 12] for a paraboloid-type interface in the case when a = I; = 1; = = 1 and C(x) = C j in j ; and in 9, 11, 14] in the case when a = I; = 1 and ? is a local perturbation of a hyperplane by introducing a radiation condition to the problems. There is a large literature about these two principles (see, for example, the above work and 1, 2, 4, 5, 6, 7, 13] and the references there).
The limiting amplitude principle for the problem (1.1)-(1.4) is proved based on a general theory developed by Eidus 2, Chap. 1] for studying the asymptotic behavior, for large time, of solutions to the Cauchy problem for the abstract wave equation. By this theory, we rst have to prove the limiting absorption principle for the associated steady-state problem (1.6)-(1.8) with any > 0 instead of ! 2 : Then we show that the solution u of (1.6)-(1.8) with any > 0 instead of ! 2 is Hoelder continuous in : Finally we study the asymptotic behavior of u as ! 0: These properties will be examined precisely in what follows.
Preliminaries
We use the following abbreviations (R) = fx 2 jjxj < Rg; E(R) = n (R) S(R) = fx 2 jjxj = Rg;
?(R) = fx 2 ?jjxj < Rg ? e (R) = ?n?(R);
(R 1 ; R 2 ) = fx 2 jR 1 < jxj < R 2 g ?(R 1 ; R 2 ) = fx 2 ?jR 1 < jxj < R 2 g; B(R) = fx 2 R n jjxj < Rg: Let " be a real number. For an open set V R n and a non-negative integer k We de ne the weighted Sobolev space H k 
where R 0 = 0; R j = 2 j?1 ; j 1; V j = fx 2 V jR j?1 < jxj < R j g and V R = fx 2 V jjxj < Rg: When " = 0 or k = 0; the subscript " or k will be omitted from the norm and inner product. When V = ; V will be also omitted from the norm, inner product, space and integral. We remark that for every " > 1=2 the continuous inclusions
It is convenient to de ne = (x) = j = ( ) 2?j for x in j (j = 1; 2) and to introduce the weighted Hilbert space H 0 = L 2 ( ; dx) with the inner product
Evidently, the inner product ( ; ) 0 is equivalent to the usual one ( ; ) = R u vdx by (A2).
In order to obtain a Hilbert space formulation of the problem (1. De ne the function W(t) 2 H 0 on R + by W(t)(x) = W(t; x) for all x 2 : Then W t (t; x) can be thought of as dW(t)=dt; the derivative of the H 0 ?valued function W(t); and the problem (1.1)-(1. 
A uniqueness theorem
In this section we establish a uniqueness theorem which plays an important role in proving LABP and LAMP. As an application, we also prove the absence of eigenvalues for A in this section. 
The following results play an important role in establishing the a priori estimate for u: (ii) The estimate (4.21) can be proved similarly. In fact, in this case only Cases 1 and 2 above should be distinguished since z 6 = 0: The proof is complete.
More a priori estimates
In order to prove the limiting absorption and amplitude principles we need more a priori estimates for u = R(z)f with =z 6 = 0; which will be established in this section. To this end, we introduce the following interpolation inequality for which a proof can be found in 3].
Lemma 5.1. (6.7) which combined with Rellich's selection theorem and standard elliptic estimates implies that there is a subsequence of fu m g; denoted by fu m g again, such that u m strongly converges to a function u in H 2 ? ( ): On the other hand we nd from (6.1) that the sequence fu m g itself converges to R( + i0)f in L ?1 2 ( ): As a result we have u = R( + i0)f and by (6.7) kruk B + kuk B + kR( + i0)fk 2;? Ckfk B : (6.8) Since f m g is an arbitrary sequence, we conclude that (6.5) is true for f 2 L 1 2 ( ): From (6.8) and the denseness of L 1 2 ( ) in B( ) that R( + i0) can be uniquely extended to a bounded operator from B( ) into H 2 ? ( ): The extension will be denoted by R( + i0) again. Then, by the use of the denseness of L 1 2 ( ) in B( ); (6.8), Theorem 4.2 (ii) and Lemma 4.1, it is easy to see that (6.5) is true for f 2 B( ): The estimate (6.6) follows from (6.8 
